In TmB 4 , localized electrons with a large magnetic moment interact with metallic electrons in boron-derived bands. We examine the nature of TmB 4 using full-relativistic ab-initio density functional theory calculations, approximate tight-binding Hamiltonian results, and the development of an effective Kondo-Ising model for this system. Features of the Fermi surface relating to the anisotropic conduction of charge are discussed. The observed magnetic moment ∼ 6 µB is argued to require a subtle crystal field effect in metallic systems, involving a flipped sign of the effective charges surrounding a Tm ion. The role of on-site quantum dynamics in the resulting Kondo-Ising type "impurity" model are highlighted. From this model, elimination of the conduction electrons will lead to spin-spin (RKKY-type) interaction of Ising character required to understand the observed fractional magnetization plateaus in TmB 4 .
I. INTRODUCTION
TmB 4 is a metallic frustrated magnet, with an Isinglike anti-ferromagnetic ground state 1 . Experiments have shown a variety of rich phenomena-along with the fractional magnetization plateaus at low temperature (occurring at fractions of the saturation magnetization, with a stable plateau at 1/2, and fractional plateaus at 1/7, 1/8, 1/9, ... 1 ) and its rich phase diagram, hysteretic magnetoresistance and the anomalous Hall effect have also been observed 2 . Fractional magnetization plateaus for 2D quantum spin systems were first observed in SrCu 2 (BO 3 ) 2 3 and later observed in the family of rareearth tetraborides, 1 where the rare-earth ions can be mapped onto the Shastry-Sutherland lattice 4 and the boron atoms can be grouped into B 6 octahedra and dimer pairs 5, 6 . In contrast to the high fields necessary to reach magnetic saturation in SrCu 2 (BO 3 ) 2 3 , TmB 4 saturates at fields on the order of 4 T 7 , and also exhibits long-range order 8 . This magnetic analogue to the fractional quantum hall effect and relatively simple example of geometric frustration has spurred both theoretical and experimental interest, where the juxtaposition of 2D magnetism and 3D conduction 2,9 remains novel. The primary focus of this paper is on the electronic and magnetic characteristics of TmB 4 , however, TmB 4 also has interesting structural aspects and it is worthwhile to take a moment to review them. The thulium atoms lie in sheets oriented perpendicular to the tetragonal caxis. Their structure can be viewed in terms of tiling of squares and triangles in a classical manner examined by Archimedes. Between these Tm sheets there are planes of boron atoms. Boron, adjacent to carbon in the periodic table, might be expected to form 6-element rings, as indeed it does in TmB 2 10 , however, in TmB 4 boron atoms form 7-atom rings that lie in planes consisting of the 7-atom rings and squares.
The Tm is nominally trivalent and has a 4 f 12 configuration. This leads to a two-hole state on the Tm with a local-moment of M J = ±6. This local moment interacts and hybridizes with conduction electrons associated with boron bands. This paper seeks to capture the essence of that interaction and hybridization. It includes an ab-initio approach, tight-binding model calculations associated with reduced structures, and, most notably, the development of an effective Kondo Ising model for which an understanding of the symmetry of the Tm site is critical.
II. STRUCTURE
TmB 4 crystallizes in a tetragonal structure (space group P 4/mbm) 11 , and has a mixture of 2D and 3D aspects. The Tm lattice viewed on its own consists of stacked 2D sheets, with each sheet a 2D ShastrySutherland lattice 4 . Each sheet has a structure that includes perfect squares and nearly equilateral triangles of Tm atoms, as shown in Fig. (1(a) ). Each Tm ion has 5 near Tm neighbors in the plane with angles between near neighbor bonds of 90, 59, 59, 90 and 62 degrees, where 90 is the interior angle of a square and 59 and 62 are the interior angles of an almost equilateral triangle. These Tm sheets lie in the crystalline a-b plane and are stacked along the c-axis. The distance between Tm sheets is .399 nm.
Boron planes lie halfway between the Tm sheets. The structure of a boron plane involves a mixture of 7 atom rings and 4 atom squares as shown in Fig. (1(b) ). There are two distinct types of boron sites in these planes. One type, shown in blue, is solely part of the boron plane. The other type, shown in light gray, is part of the boron plane and also of an octahedral chain along the c-axis. This second type comes in groups of 4 atoms which form a square in the plane (Fig. (1(b) ) and are part of an octahedron which includes apical boron atoms which are not in the plane and are thus not shown in Fig. (1(b) ).
On the other hand, the pure planar boron atoms (blue) come in dimer pairs as shown in Fig. (1(b) ). There are no extra-planar boron above or below them, thus their 2 p z orbitals are unencumbered. It is the partially occupied 2 p z orbital of these pure planar boron atoms that couple most strongly to Tm 4 f level electrons. Most of the essential nature of the hybridization of TmB 4 can be captured by studying the structures shown in Fig. (1(b) ) and Fig. (1(c) ). In a later section we discuss tight binding results for these structures and compare those to our DFT results. One of our primary goals is to see how far one can go along the path of structural simplification while still capturing the essential nature of the interaction between the quasi-localized f-state and itinerant 2 p states and thus the magnetic character and essential phenomenology of TmB 4 . Fig. (1(d) ) shows the full 3D structure of TmB 4 . This includes the alternating boron and Tm planes, as well as apical boron atoms (gray) which lie between the boron and Tm planes. These are located above and below squares of B atoms in the plane and form the tops and bottoms of the boron octahedra which stack along the c-axis creating chains which extend throughout the crystal. These chains of boron octahedra are shown to not couple strongly to the Tm orbitals and thus do not play a large role in the magnetic character of TmB 4 .
The local environment of Tm can be described by a model as shown in Fig. (2) . Above and below the Tm are 7 atom boron rings, 3 of which are the previously mentioned dimer borons. Apical boron lie above and below the boron planes. There are mirror plane symmetries through the Tm plane and perpendicular to the dimerdimer bond, and a total of 18 borons construct the local environment.
III. DENSITY FUNCTIONAL THEORY CALCULATIONS
To begin our exploration of the electronic and magnetic characteristics of TmB 4 , we have performed spinpolarized full relativistic density functional theory 12 calculations 13 with the full potential local orbital (FPLO) code (version 14.00-48) 14 , using the Generalized Gradient Approximation (GGA), along with an intra-atomic Hubbard U repulsion term. The PBE96 15 and Atomic Limit functionals 16, 17 were used for the GGA and U, respectively, with a k-mesh of 24 3 in the Brillouin Zone. Values of U = 8 eV and J = 1 eV were used on the Tm 4 f orbitals. The lattice constants and atomic positions were taken from experiment
11 . An LDA+U study of rare-earth tetraborides has previously been undertaken in Ref. (5) , but here we focus on the case of TmB 4 . We note that there are limitations of the LDA+U method in fully describing highly correlated systems 18 , which is exemplified by a reduced magnetic Tm moment of M J = 3.38 found in our meta-stable ground state compared to experiment 1 , but the method has been used with success in other lanthanide systems 10, [19] [20] [21] . Many initial occupation matrix configurations 22 were investigated, but the results shown here depict the convergence of a calculation with two initial holes starting in the high moment |7/2, ±7/2 and |7/2, ±5/2 states, with induced ferromagnetic order to supply a non-zero moment. Since the Hund's rules ground state 5 and antiferromagnetic order can break the crystal space group symmetry, we have also investigated reductions in symmetry with both ferromagnetic and anti-ferromagnetic order, but none converged to a metastable solution. For the correlated 4 f orbitals, we find a configuration of 4f12.03, and thus an inference of about 1.97 holes per Tm in high-spin f-states. The band structure obtained using the DFT+U calculation is shown in Fig. (3(a) and (b) ) where the vertical axis represents the energy of the Kohn-Sham eigenstate and the horizontal axis shows the position in the first Brillouin Zone. In Fig. (3(a) ), we focus on dispersion in the a-b plane, where Γ = (0, 0, 0), X = (0, 23 at high symmetry points due to the nature of the non-symmorphic space group, which contains a screw axis.
These plots show the rapidly dispersing bands associated with boron 2 p orbitals along with rather flat bands associated with Tm 4 f orbitals. We have circled two bands which show significant 4f -2p z planar hybridization at the M point.
The M point is of particular interest due to significant hybridization between the 4 f and 2 p z orbital that occurs there. At the M point two boron dimer bands dip just below the Fermi level and there is a pocket of occupied states which are of 4f -2p z hybrid character. The M -point represents propagation along the in-plane diagonal in real space. It includes the four propagation directions which are parallel to the bonds between dimer boron atom pairs.
In Fig. (3(b) ) we show c-axis dispersion, where the path taken in the BZ is Γ-Z-R-A, where Z = (0, 0, ). There is 4f -2p z hybridization along the Γ-Z path and around the Z point. In addition, there is also some 5 d−2 p z hybridization around the Z point (not shown). We have four hole pockets along Γ-Z, and two electron pockets around the Z point. Fig. (4(a) ), we show the full Fermi surface, where the large surface along Γ-Z is a hole surface, and the rest are electron surfaces. The Fermi surfaces shown in previous measurements of the related rare-earth tetraboride YB 4 24 can be clearly identified along the Γ-Z direction. We can see examples of the aforementioned surface nesting around M and Z. We have also taken x − y crosssections at the Γ point and at 2Z/5, to show how the surfaces nest. We can see that the cross-section at 2Z/5 shows four hole surfaces, which can be grouped into two pairs, a larger pair and smaller pair. They exhibit quasi-1D behavior, as indicated by the relatively flat portions of the surfaces. For these surfaces, from largest to smallest, we have calculated the ratio of the effective masses at the 2Z/5 point to be m zz /m xx = 0.081, 0.076, 0.15, and 0.093. We have also calculated the dHvA frequencies for the extremal cross-sectional areas in the plane defined by the k z -axis for four major surfaces in Table I: largest of the quasi-1D surfaces along the Γ-Z path (the large magenta surface in 4(a), and the largest in the 2Z/5 cross-section), the larger M point surface (the surface in the midpoint of the edge of the side faces in 4(a), whose pair can be seen in 4(b)), the larger Z point surface (the surface at the top and bottom faces found in 4(a), whose pair can be seen in 4(c)), and the large surface around the Γ point, of which we can see the cross-sectional area in 4(a):
In Tesla. The extremal cross-sectional areas are shown for planes defined by the kz axis. The four surfaces can be seen in Figure 4 (a), where the Γ-Z surface is the large magenta surface, the larger M point surface is found on the midpoint of the edge of the side faces, the Z point surface is found on the top and bottom faces, and the Γ point surface is shown in the bottom cross-section, which touches the BZ boundaries. Only the M point surface has a non-vanishing cross-sectional minimum.
FIG. 2. This shows Tm (red) and its local environment. The blue spheres indicate the dimer boron, while the gray spheres indicate the boron that participate in the formation of octahedra.
IV. TIGHT-BINDING MODELS
A goal of our tight binding calculations is to reproduce essential features of the bands using simplified models. We will focus purely on planar dispersion. Our first simplification is to ignore the apical boron atoms and to perform a tight binding calculation involving coupled planes of B and Tm atoms. This calculation will show very little c-axis dispersion, however, it will capture essential features of the ab plane dispersion and the coupling between Tm f-orbitals and boron 2 p bands. We include a single Tm 4 f orbital which couples to boron 2 p z orbitals via the parameter V . In this calculation we use a single 2 p z orbital for the boron atoms, as the other n = 2 orbitals of the planar boron are involved in bonding 5, 6, 25 , which are localized and non-interactive. This is what one expects based on the observed structure and 3-fold planar bonding, and it is confirmed by our DFT calculation, where the dimer boron 2 p z orbital hybridizes with the 4 f level. The unit cell of this simplified model is shown in the inset to Figure (5), where there are 4 Tm sites, eight equatorial or side sites (gray), and four dimer sites (blue).
We use the parameter t to quantify the B to B hopping and V for the coupling between the B 2 p z orbital and the Tm f level. A small hopping parameter for in-plane Tm to Tm hopping, T , is also employed to give the Tm bands a little width. In Eq. 1 and Eq. 2, |φ represents the planar boron 2 p wavefunction, while |ψ represents the Tm 4 f wavefunction. In the first term, we have hopping between the boron and its 3 nearest neighbors. Next, we have coupling between the Tm wavefunction and its seven boron nearest neighbors, and finally, we have hopping between the Tm and its five near neighbors.Ĥ T B = t <i,j>
In Fig. (5) we show results for the band structure for this tight-binding model. Γ is the center of the 1st BZ, i.e., the point at which k = 0; X is the side of the face and M is the corner. All of these represent in-plane dispersion. The M -point is of particular interest as considerable coupling between 4 f and 2 p z states occurs there. This tight-binding calculation reproduces the pocket of occupied states of mixed 4 f and 2 p character in this region, where the analogue of the two hybrid bands highlighted in Fig. (3(a) ) can be seen just below the Fermi level (E F = 0), where the bands are degenerate from X-M and split from M -Γ.
Tight binding results from an even more simplified structure are shown in Fig. (6) . Because the Tm couples most strongly to the dimer boron, as inferred from our DFT results, we have also created a tight-binding model with just the Tm and dimer boron atoms, as illustrated in Fig. (1(c) ) and in the inset to Fig. (6) , where the unit cell contains four Tm sites and four dimer sites. This calculation shows the two bands of mixed f-p character at the M point near the Fermi level (E F = 0) as in the previous TB calculation and in the DFT calculation. We have incorporated an additional parameter, t 2 , which connects the pairs of borons. In Eq. 2, we have nearest neighbor hopping between the pairs of dimers, coupling between the Tm and its three dimer nearest neighbors, hopping between Tm sites, and a next nearest neighbor hopping which connects the isolated dimers, which is necessary for dispersion in this model. In these models, one could duplicate the pocket at the X point found in the DFT band structure as in Fig. (3a) with a complex hopping parameter on the Tm lattice, but we have omitted this for simplicity.
In order to build up our understanding of the Kondo type model, and further a suitable interacting model of the spins, we need to make several approximations. We will simplify matters from the formally exact but technically formidable periodic Anderson lattice model, and view the Tm initially as an impurity embedded in the B lattice. In a unit cell one has four inequivalent Tm ions, but each has the same local environment that is rotated relative to the others. We consider any one Tm as our impurity and describe its CF level structure next. 28 . Therefore the origin of the Ising like behavior reported in experiments, with m ∼ ±6 requires some explanation. Towards this end we present a simple crystal field (CF) theory calculation using a point charge crystal field model 29 . The results of this model need to be taken with caution in a metallic system, since the charges are smeared in a metallic system, as opposed to an insulator.
We make one important change from standard CF theory, the sign of the crystal field energy is taken to be opposite of the usual one valid in an insulator. An f-electron on Tm 3+ will be taken to experience an attractive (rather than repulsive) force from the B sites. The repulsive interaction sign convention inverts the spectrum and gives a vanishing moment, clearly a wrong result. This can be seen from the spectrum of the ionic Hamiltonian in Fig. (7) , where the opposite sign simply inverts the spectrum.
Flipping the sign of the CF interaction in metallic systems has a well established precedent. In the case of rare earths (including Tm) in noble metal (Au and Ag) hosts, the significant work of Williams and Hirst in Ref. (30) shows that the observed moment requires such a flipped sign. Flipping the sign in Ref. (30) (see also Ref. (31) pages 171-173) was ascribed to the presence of 5-d electrons in the rare earth, which are argued to form a virtual bound state at the Fermi level. The polarizable nature of this virtual bound state is taken to allow for such a flipping. The DFT calculation shows an occupied 5d state, along with many negative hopping integrals for the corresponding Tm and B Wannier functions, which would support this argument.
An independent argument made below invokes the weakly electronegative nature of the boron atom. It is not completely clear as to which of the two rather qualitative arguments is ultimately responsible for the final effect, but since the latter is simple enough, we present it anyway. We will choose the point charges at the boron atoms to be positive, corresponding to an ionized state lacking some electrons. This change is motivated by the knowledge that in the metallic state being modeled, the boron atom donates its electrons towards band formation. It is thus very far from the ionic limit in an insulator, where the atom might be imagined to have captured some electrons. This contrasting situation is realized by the fluorine atom in LiHoF 4 , or the oxygen atom in stoichiometric high T c parent compound La 2 CuO 4 . The relevant atoms F and O have a high electron affinity, and therefore grab one and two electrons respectively in the solid, and may be thus be visualized as negatively charged. Thus we might expect that the boron atom, with its considerably smaller electron affinity Ref. (32) , plays a role closer to that of an anion, rather than a cation, in order to reconcile the data on TmB 4 .
For this purpose we consider the total electrostatic potential at the location of a Tm ion, produced by its neighborhood of 18 boron atoms located as follows: the four apical sites, 33 , the six dimer sites 34 , where two of the borons are a larger distance away from the Tm site, and the eight "side" boron which form the equator of octahedra 35 . We can visualize these sites as in Fig. (2) . Assuming an attractive Coulomb interaction between the electron and each boron atom, the Coulomb energy can be expanded at the Tm site, assumed to be the origin, and leads to
where V 0 , V 1 and V 2 = 0.0432942 are constants, α = 5.39965 and the neglected terms are of third and higher order in the components of the vector r = {x, y, z} locating the Tm ion. If we choose a repulsive interaction, as appropriate for the case of say LiHoF 4 or stoichiometric La 2 CuO 4 , the Coulomb interaction would be chosen as repulsive. Thus flipping the sign of our final result would give the repulsive case.
Observe that this series contains odd terms in the coordinates, this is due to the lack of inversion symmetry about the Tm ion. One implication is that we expect to see optical transitions between different crystal field levels. It would be interesting to pursue this using optical methods, especially since Tm 3+ ions are studied in infrared laser materials 36, 37 . From Eq. (3) we can construct an effective local spin Hamiltonian by using the Wigner Eckhart theorem (W-E). This procedure can be automated for ions having a simple symmetry, as in the Stevens effective Hamiltonian theory 29 . In the present case the symmetry of Tm site is very low and hence it is more useful to build up our understanding from the basics. The manifold of angular momentum |J| = 6 states, arising from the Hunds rule as J = L + S, with |L| = 5 and |S| = 1, is the basis for the representation of all vector operators. The W-E theorem helps us to replace the components of the vector x, y, z by operators proportional to J x , J y , J z . More generally we set
where M n is the W-E reduced matrix element. Due to parity of the 4 f matrix element, only terms in r n α with even n survive 38 . Therefore to second order, we write the effective local Hamiltonian as
where we used a symmetrization rule for non commuting operators to express the xy term in Eq. (3) in terms of components of J in Eq. (5) .
2 ) is a constant that lumps together the reduced matrix element, shielding factors and other details -it is usually best to determine it from experiments. This theory is missing the fourth and higher order terms in r α , these need not be small but one expects that the low order theory given by Eq. (6) provides the correct starting point for discussing the CF splitting of the J = 6 level.
In Eq. (6) we see that if α = 0, the leading term in the Hamiltonian has an exact Ising like symmetry leading to a degenerate minimum at J z = ±6. However since α is estimated above to be nonzero, this symmetry cannot be exact, and we must examine the solution further. If we use the raising and lowering terms with coefficient α as a perturbation of the leading term, the degeneracy is lifted to the sixth order, and the resulting states will be two distinct linear combinations of the maximum |m| = 6 states, with amplitudes for lower |m|. We can also calculate the eigenstates numerically, a simple calculation yields the two low lying solutions 
where the wave functions are expressed in the basis |m , m = 6, 5, . . . − 5, −6. As expected from the perturbative argument, the two states are distinct linear combination of |m states with m = 6, 4, 2, 0, −2, −4, −6, the skipping of odd m is as required by the form of the perturbation term i
The signs of the coefficients imply that the two states are derived from the sum and difference of the two degenerate states m = ±6. Each state also has a vanishing expectation of J z , and is orthogonal to each other. Thus, in the absence of a magnetic field, the two lowest states, split off from higher energy states by a gap, are not exactly degenerate, but rather are linear combinations of the two m = ±6 states of the Ising model.
To understand the behavior in a magnetic field we add the Zeeman energy to Eq. (6) and consider the Hamiltonian
where c 1 = c 0 α 4 and g = 7 6 from the Lande rule. We plot the eigenvalues of H versus gµ B h at two values of c 0 , c 1 in Fig. (7) . Constraints on the value of c 0 follow from the experimental observation in Ref. (1) that T mB 4 displays a moment of ∼ 6µ B for a field along the z (i.e. c) axis. In the x direction the full moment ∼ 6µ B is regained only for a field B 
VI. KONDO ISING MODEL FOR TmB 4
We next formulate a minimal model for describing TmB 4 following the method indicated in Ref. (39 and 40) and Ref. (41) in the context of the mixed valent compound TmSe 2 . We first set up a local type Anderson or Hirst type model that incorporates the crystal field split Tm levels, and the boron bands that hybridize with these. The Tm ion is considered to be in its ground (excited) state with 12 (13) . We will use these ranges for the symbols M 0 , M 1 and their primed versions below. The ground state of the ionic Hamiltonian of the was discussed in Section (V). We use a similar scheme for the first excited state with angular momentum J 1 and write a generalized ionic Hamiltonian:
and
In this formulation, c 1 plays the role of quantum corrections to the otherwise diagonal model, which contains a preference for the largest magnitude M 0 = ±6. As discussed in Section (V), the role of c 1 is to mix states The top-right panel shows that a field along the x axis B||x, the lowest level is not linear, but for fields around 6 T the linearity is recovered with a slope (i.e the magnetic moment) ∼ 6µB. The two lower panels have a non zero value of the transverse terms, i.e. c1 ∼ 0.02 meV. This does not create a noticeable gap in the level crossing at zero field in the z direction-while a larger value would do so. It thus appears that we can ignore c1 for many (but not all) purposes, as explained in the text.
M 0 = ±4, ±2 . . . into these states, and to slightly lift the degeneracy between M 0 = ±6. Clearly terms with c 1 play a similar role in the higher multiplet. We could ignore c 1 and proceed with the pure Ising model, but we will see below that these mixing terms play an important role in producing the Kondo-Ising model. Our full Hamiltonian H total has two terms in addition to H ion . First we have the band energy
where we have projected the conduction electron states into angular momentum resolved states about the Tm atom assumed to be at the center, i.e. C † σ ( k) = jm kσ|kjm C † jm (k). Second we have a mixing term between the conduction and the f electrons. To write this we temporarily forget about the CF terms-thus assuming that angular momentum is conserved, we write:
where
is a hybridization matrix element. We have denoted the angular momentum resolved f-level Fermion as f jm , here the allowed values j = (14) where the Clebsch-Gordon coefficient
The allowed ranges of the
, and |m j | ≤ j. We should view |J 0 M 0 as a bound complex of the 12-f electrons, and similarly the state |J 1 M 1 . The transition between these by adding an f electron is expected to have a small matrix element, which is absorbed in to the symbol V (j) k . 
The total Hamiltonian is thus
where we added the CFZ term from Eq. (8) after discarding a constant. We expect c 0 ∼ .01 meV and c 1 ∼ .02 meV. Given the allowed range of the variables, we see that the permissible transitions are governed by
Its maximum magnitude is 7 from the range on the right hand side |m j |, |m j | ≤ However we recall that the mixing term (i.e. c 1 etc.) in H CF Z allows a mixing between |M 0 | = 6 and lower values in steps of 2. This model can be further mapped into the Ising doublet manifold by using higher order degenerate perturbation theory in H KI and c 1 . In summary it requires a careful consideration of the various mixing terms to recover the Kondo-Ising model with a full range of angular momentum.
Within a perturbative approach in c 1 (i.e. α) it is clear that an effective Kondo Ising model emerges with the full range of allowed transitions. We also see from a standard argument (see Ref. (41) ) that the elimination of the conduction electrons in Eq. (16) leads to a long ranged RKKY interaction of the Ising type. Such a model is of much interest theoretically [43] [44] [45] and could also be invoked at the lowest order to understand the experiments on the magnetization plateaux in this system 46 . We should note that quantum effects, coming in at higher orders in α (i.e. c 1 ) might be relevant in obtaining a good understanding of the anisotropic magnetic response.
VII. CONCLUSION
In this paper we examine the electronic and magnetic characteristics of TmB 4 . Our results from an abinitio density functional theory approach provide insight into simplifications of the lattice in reduced tight-binding models. In the a-b plane, 4f -2p z hybridization around the M point is a strong contributor to the in-plane conductivity. We have also found effective 1-D conduction along the c-axis, indicated by relatively flat segments of the Fermi surface which can be found along the Γ-Z path. For the largest of these surfaces, we have calculated the effective mass ratio to be m zz /m xx = 0.08.
We then examined the local structure, building a simplified crystal field model containing the essential physics and which led to a description of the pseudo-Ising nature of the ground state, in which the degeneracy has been slightly lifted by off-diagonal terms originating from the lack of inversion symmetry at the Tm site.
From this point of departure, we constructed a Hamiltonian consisting of a band term, an ionic term, and a mixing term. Using the Coqblin-Schrieffer transformation, we constructed an effective low-energy model, an effective Kondo-Ising type model, in which the (quantum) off-diagonal terms in the crystal field Hamiltonian are necessary in recovering the full range of angular momentum. At low magnetic fields |B| < ∼ 10 T the Ising approximation of the Kondo model is validated for our choice of the anisotropy constant c 0 . Further experimental studies in transverse fields should help to refine the values of constants c 0 and c 1 in Eq. (16) . It seems plausible that the elimination of the conduction electrons would lead to an RKKY-type Ising model with some quantum corrections, and thus refine the usual starting point of studies on the magnetization plateaux 44 . Using the experimental distance and moment, we estimate that the long ranged dipolar exchange J is ∼ 0.74 K at the nearest neighbor separation, and hence this needs to be added to the RKKY type interaction for obtaining the magnetic behavior at low T.
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